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On extension of quantum channels and operations to
the space of relatively bounded operators
M.E. Shirokov∗
Abstract
We analyse possibility to extend a quantum operation (sub-unital normal CP
linear map on the algebra B(H) of bounded operators on a separable Hilbert
space H) to the space of all operators on H relatively bounded w.r.t. a given
positive unbounded operator.
We show that a quantum operation Φ can be uniquely extended to a bounded
linear operator on the Banach space of all
√
G-bounded operators on H provided
that the operation Φ is G-limited: the predual operation Φ∗ maps the set of
positive trace class operators ρ with finite TrρG into itself.
Assuming that G has discrete spectrum of finite multiplicity we prove that for
a wide class of quantum operations the existence of the above extension implies
the G-limited property.
Applications to the theory of Bosonic Gaussian channels are considered.
1 Introduction
Unital and subunital completely positive (CP) normal linear maps between algebras
of bounded operators play important role in the quantum theory. Unital CP linear
maps called quantum channels describe evolution of open quantum systems (in the
Heisenberg picture), subunital CP linear maps called quantum operations are also used
essentially, in particular, in the theory of quantum measurements [5, 14, 16].
In the standard description of a quantum system dynamics a quantum channel (op-
eration) acts on bounded observables – Hermitian bounded operators on a separable
Hilbert space associated with the system. But for many important physical quantities
(the position, momentum, etc.) the corresponding observables are unbounded Hermi-
tian operators. So, the question arises of extending the quantum channel (operation)
to unbounded observables. For a given channel (operation)1 Φ : B(H) → B(H) this
question can be solved by using the Stinespring representation
Φ(A) = V ∗Φ(A⊗ IK)VΦ (1)
∗Steklov Mathematical Institute, RAS, Moscow, email:msh@mi.ras.ru
1B(H) is the algebra of all bounded operators on a Hilbert space H.
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where VΦ is an isometry (contraction) from the system space H into the tensor product
of this space and some separable Hilbert space K (typically called the environment
space). Indeed, for any Hermitian unbounded operator A the r.h.s. of (1) defines some
linear operator on H. But we can say nothing about the domain of this operator, since
in general the range of VΦ does not coincide with H ⊗ K. In particular, we can not
assert that the domain of this operator is dense in H.2
For quantum channels (operations) of special classes the existence of an adequate
extension to unbounded operators are well known. For example, any Bosonic Gaussian
channel is well defined on the algebra of all polynomials of canonical observables (which
are unbounded operators) and transforms this algebra into itself [5, Ch.12]. In this
paper we analyze the extension problem in full generality not assuming in advance any
special properties of a quantum channel (operation).
Speaking about extension of quantum channels (operations) to unbounded opera-
tors we will restrict attention to operators relatively bounded w.r.t. the operator
√
G
(briefly
√
G-bounded operators), where G is a given positive densely defined operator
on H, i.e. to the operators A well defined on the domain D(√G) of √G such that
‖Aϕ‖2 ≤ a2‖ϕ‖2 + b2‖
√
Gϕ‖2, ∀ϕ ∈ D(
√
G),
for some nonnegative numbers a and b [6, 12]. This is explained, in particular, by
the following physical reason: the quantum observables corresponding to important
physical quantities are
√
G-bounded operators provided that either G or some power
of G is a Hamiltonian of a quantum system.
The linear space of all
√
G-bounded operators can be made a Banach space by
equipping it with any of the operator E -norms ‖ · ‖GE induced by G [10].3 For given
E > 0 the operator E -norm of a bounded operator A is defined as
‖A‖GE .= sup
ρ∈S(H):TrGρ≤E
√
TrAρA∗,
where the supremum is over all states ρ (positive trace class operators on H with unit
trace) such that TrGρ ≤ E. This definition is naturally extended to all √G-bounded
operators (see Section 2.2).
In this paper we prove that formula (1) defines a bounded linear operator on the
Banach space BG(H) of all
√
G-bounded operators with the norm ‖ · ‖GE provided that
TrGΦ∗(ρ) < +∞ for any state ρ such that TrGρ < +∞, (2)
where Φ∗ is the predual map to the channel (operation) Φ. We also prove that for a
large class of quantum channels and operations condition (2) is necessary for continuity
of the map A 7→ Φ(A) on B(H) w.r.t. the norm ‖ · ‖GE . So, if Φ is a quantum channel
2It is easy to construct a channel Φ and a positive operator A such that the domain of the r.h.s.
of (1) contains only the zero vector.
3The advantages of the norm ‖ · ‖GE in comparison with the equivalent norm commonly used on set
of relatively bounded operators are described in Section 2.2.
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(operation) from this class then formula (1) defines a bounded linear operator on the
Banach space BG(H) if and only if condition (2) holds.
By noting that any Bosonic Gaussian channel Φ satisfies condition (2) provided
that G is the number operator in the multimode Bosonic system we consider some
applications of the above general results to these channels.
2 Preliminaries
2.1 Basic notations
Let H be a separable infinite-dimensional Hilbert space, B(H) – the algebra of all
bounded operators on H with the operator norm ‖·‖ and T(H) – the Banach space of
all trace-class operators on H with the trace norm ‖·‖1 (the Schatten class of order 1)
[6, 12]. Let T+(H) be the positive cone in T(H) and S(H) the set of quantum states
– operators in T+(H) with unit trace [5].
Denote by IH the unit operator on a Hilbert space H and by IdH the identity
transformation of the Banach space T(H).
A completely positive (CP) normal unital (corresp., subunital) linear map Φ :
B(H) → B(H) is called quantum channel (corresp., operation) in the Heisenberg
picture.4 Its predual map Φ∗ : T(H)→ T(H) defined by the relation
TrΦ∗(ρ)A = TrΦ(A)ρ, A ∈ B(H), ρ ∈ T(H),
is called quantum channel (corresp., operation) in the Schrodinger picture [4].
For any quantum channel (corresp., operation) Φ the Stinespring theorem (cf.[13])
implies existence of a separable Hilbert space K and an isometry (corresp., contraction)
VΦ : H → H⊗K such that
Φ(A) = V ∗Φ(A⊗ IK)VΦ, A ∈ B(H), (3)
and, respectively,
Φ∗(ρ) = TrKVΦρV
∗
Φ , ρ ∈ T(H),
where TrK denotes the partial trace over the space K. The Stinespring representation
(3) is called minimal if the linear span of the set {(A⊗ IK)VΦϕ |A ∈ B(H), ϕ ∈ H}
is dense in H⊗K. The dimension of the space K in the minimal Stinespring represen-
tation is called the Choi rank of a channel (operation) [5, Ch.6].
For any quantum operation Φ : B(H) → B(H) the following inequality (called
Kadison’s inequality)
Φ(A∗)Φ(A) ≤ ‖Φ(IH)‖Φ(A∗A) (4)
holds for any A ∈ B(H).
4The map Φ is called normal if Φ(supλAλ) = supλ Φ(Aλ) for any increasing net Aλ ⊂ B(H) [2, 4].
This property is equivalent to existence of the predual map Φ∗ : T(H)→ T(H) . The map Φ is called
unital (corresp., subunital) if Φ(IH) = IH (corresp., Φ(IH) ≤ IH).
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We will consider unbounded densely defined positive operators on H having dis-
crete spectrum of finite multiplicity. In Dirac’s notations any such operator G can be
represented as
G =
+∞∑
k=0
Ek|τk〉〈τk| (5)
and the domain D(G) = {ϕ ∈ H | ∑+∞k=0E2k |〈τk|ϕ〉|2 < +∞}, where {τk}+∞k=0 is the
orthonormal basis of eigenvectors of G corresponding to the nondecreasing sequence
{Ek}+∞k=0 of eigenvalues tending to +∞. We will use the following (cf.[17])
Definition 1. An operator G having representation (5) is called discrete.
2.2 Relatively bounded operators and the operator E -norms
In this paper we will consider operators on a separable Hilbert space H relatively
bounded with respect to a given positive semidefinite densely defined operator. For
our purposes it is convenient to denote this positive operator by
√
G assuming that G
is a positive semidefinite operator on H with dense domain D(G) such that
inf {‖Gϕ‖ |ϕ ∈ D(G), ‖ϕ‖ = 1} = 0. (6)
A linear operator A is called relatively bounded w.r.t. the operator
√
G (briefly,√
G-bounded) if D(√G) ⊆ D(A) and
‖Aϕ‖2 ≤ a2‖ϕ‖2 + b2‖
√
Gϕ‖2, ∀ϕ ∈ D(
√
G), (7)
for some nonnegative numbers a and b [6]. The
√
G-bound of A (denoted by b√G(A)
in what follows) is defined as the infimum of the values b for which (7) holds with
some a. If the
√
G-bound is equal to zero then A is called
√
G-infinitesimal operator
(infinitesimally bounded w.r.t.
√
G) [6, 8, 12].
Since
√
G is a closed operator, the linear space D(√G) equipped with the inner
product
〈ϕ|ψ〉GE = 〈ϕ|ψ〉+ 〈ϕ|G|ψ〉/E, E > 0,
is a Hilbert space denoted by HGE in what follows [7]. A restriction of any
√
G-bounded
operator to the set D(√G) can be treated as bounded operator from HGE into H and,
vise versa, any bounded operator from HGE into H induces a
√
G-bounded operator on
H. Thus, the linear space of all √G-bounded operators on H equipped with the norm
‖|A‖|GE = sup
ϕ∈D(
√
G)
‖Aϕ‖√
‖ϕ‖2 + ‖√Gϕ‖2/E
(8)
is a Banach space.5 For our purposes it is more convenient to use the equivalent norm
‖A‖GE .= sup
ρ∈S(H):TrGρ≤E
√
TrAρA∗ (9)
5We identify operators coinciding on D(√G).
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on the linear space of all
√
G-bounded operators. The supremum here is over all states
ρ in S(H) such that TrGρ ≤ E.6 By Lemma 5 in [10] for any √G-bounded operator
A the function ρ 7→ AρA∗ is well defined on the set T+G .= {ρ ∈ T+(H) |TrGρ < +∞}
by the expression
AρA∗
.
=
∑
i
|αi〉〈αi|, |αi〉 = A|ϕi〉, (10)
where ρ =
∑
i |ϕi〉〈ϕi| is any decomposition of ρ ∈ T+G into 1-rank positive operators.
This function is affine and takes values in T+(H). So, the r.h.s. of (9) is well defined
for any
√
G-bounded operator A. Due to condition (6) the supremum in (9) can be
taken over all operators ρ ∈ T+(H) such that TrGρ ≤ E and Trρ ≤ 1 [10, Prop.3].
The norm ‖ · ‖GE called the operator E -norm in [10] can be also defined by the
following equivalent expressions
‖A‖GE = sup
{√∑
i ‖Aϕi‖2
∣∣∣ {ϕi} ⊂ D(√G) :∑i ‖ϕi‖2 ≤ 1, ∑i ‖√Gϕi‖2 ≤ E} (11)
and
‖A‖GE = sup
{
‖A⊗ IKϕ‖
∣∣∣ϕ ∈ D(√G⊗ IK) : ‖ϕ‖ ≤ 1, ‖√G⊗ IKϕ‖2 ≤ E} , (12)
where K is a separable infinite-dimensional Hilbert space. If G is a discrete operator
(Def.1) then all the above expressions are simplified as follows
‖A‖GE = sup
{
‖Aϕ‖
∣∣∣ϕ ∈ D(√G) : ‖ϕ‖ ≤ 1, ‖√Gϕ‖2 ≤ E} . (13)
Validity of the simplified expression (13) in the case of arbitrary positive operator G is
an interesting open question (see the Appendix in [10]).7
For any
√
G-bounded operator A both norms ‖A‖GE and ‖|A‖|GE are nondecreasing
functions of E tending to ‖A‖ ≤ +∞ as E → +∞. They are related by the inequalities√
1/2‖A‖GE ≤ ‖|A‖|GE ≤ ‖A‖GE, (14)
which show the equivalence of these norms on the set of all
√
G-bounded operators [10].
Moreover, for any
√
G-bounded operator A the functions E 7→ ‖A‖GE and E 7→ ‖|A‖|GE
are completely determined by each other via the following expressions ([10, Th.3A]):
‖|A‖|GE = sup
t>0
‖A‖GtE/
√
1 + t, ‖A‖GE = inf
t>0
‖|A‖|GtE
√
1 + 1/t, E > 0.
6The value of TrGρ (finite or infinite) is defined as supnTrPnGρ, where Pn is the spectral projector
of G corresponding to the interval [0, n].
7The r.h.s. of (13) defines a norm on the set of all
√
G-bounded operators denoted by ‖ · ‖G
◦,E
in [10], where it is shown that this norm is equivalent to the norms ‖ · ‖GE and ‖| · ‖|GE and that the
function E 7→ [‖A‖GE]2 is the concave envelope (hull) of the function E 7→ [‖A‖G◦,E]2. It means, in
particular, that the conjectured coincidence of ‖ · ‖GE and ‖ · ‖G◦,E is equivalent to concavity of the
function E 7→ [‖A‖G
◦,E
]2
for any
√
G-bounded operator A.
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One of the main advantages of the norm ‖A‖GE is the concavity of the function
E 7→ [‖A‖GE]p for any p ∈ (0, 2] and any √G-bounded operator A which essentially
simplifies quantitative analysis of functions depending on
√
G-bounded operators [10,
Section 5].8 This property implies, in particular, that
‖A‖GE1 ≤ ‖A‖GE2 ≤
√
E2/E1‖A‖GE1 for any E2 > E1 > 0. (15)
Hence for given operator G all the norms ‖·‖GE, E > 0, are equivalent on the set of
all
√
G-bounded operators. By inequalities (14) the same is true for the norms ‖|·‖|GE,
E > 0.
Another advantage of the norm ‖A‖GE essentially used in this paper is the possibility
to estimates the norms ‖Φ(A)‖GE via the norm ‖A‖GE of any bounded operator A, where
Φ is a 2-positive linear transformation of B(H) satisfying the particular conditions [10,
Proposition 5E].
Denote by BG(H) the linear space of all
√
G-bounded operators equipped with
any of the equivalent norms ‖A‖GE, E > 0. The equivalence of the norms ‖A‖GE and
‖|A‖|GE mentioned before implies that BG(H) is a (nonseparable) Banach space. The√
G-bound b√G(·) is a continuous seminorm on BG(H), for any operator A ∈ BG(H)
it can be determined by the formula
b√G(A) = lim
E→+∞
‖A‖GE/
√
E, (16)
where the limit can be replaced by infimum over all E > 0 [10, Theorem 3B].
The closed subspace B0G(H) of BG(H) consisting of all
√
G-infinitesimal operators,
i.e. operators with the
√
G-bound equal to 0, coincides with the completion of B(H)
w.r.t. any of the norms ‖·‖GE, E > 0 [10, Theorem 3C].
We will use the following observation [10, Lemma 4, Theorem 3A].
Lemma 1. If A is a
√
G-bounded operator on H then for any separable Hilbert
space K the operator A⊗IK naturally defined on the set D(
√
G)⊗K has a unique linear√
G⊗ IK-bounded extension to the set D(
√
G⊗ IK).9 This extension (also denoted by
A⊗ IK) has the following property
A⊗ IK
(∑
i
|ϕi〉 ⊗ |ψi〉
)
=
∑
i
A|ϕi〉 ⊗ |ψi〉 (17)
for any countable sets {ϕi} ⊂ D(
√
G) and {ψi} ⊂ K such that
∑
i ‖
√
Gϕi‖2 < +∞
and 〈ψi|ψj〉 = δij, which implies that ‖A⊗ IK‖G⊗IKE = ‖A‖GE for any E > 0.
Remark 1. Property (17) implies that
(A⊗ IK)(IH ⊗W )|ϕ〉 = (IH ⊗W )(A⊗ IK)|ϕ〉
for any ϕ ∈ D(√G⊗ IK) and a partial isometry W ∈ B(K) s.t. IH ⊗W ∗W |ϕ〉 = |ϕ〉.
8The function E 7→ [‖|A‖|GE]p is not concave in general for any p ∈ (0, 2] [10, Section 3.1].
9D(√G)⊗K is the linear span of all the vectors ϕ⊗ ψ, where ϕ ∈ D(√G) and ψ ∈ K.
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2.3 On G-limited quantum operations
Let Φ : B(H) → B(H) be a unital CP normal linear map (quantum channel in the
Heisenberg picture) and Φ∗ : T(H)→ T(H) its predual map (quantum channel in the
Schrodinger picture). Let G be a positive (semidefinite) operator on H with dense
domain D(G) satisfying condition (6). If G is treated as a Hamiltonian of a quantum
system associated with the space H then for any state ρ in S(H) the value of TrGρ
(finite or infinite) is the (mean) energy of (the system in) the state ρ [5]. The states
with finite energy can be produced (in principal) in a physical experiment while the
states with infinite energy are physically unrealizable. So, it is reasonable to assume
that a real (physically realizable) quantum channel Φ∗ maps states with finite energy
into states with finite energy, i.e.
TrGΦ∗(ρ) < +∞ for any state ρ such that TrGρ < +∞. (18)
A quantum channel Φ satisfying the following formally stronger condition
YΦ(E)
.
= sup {TrGΦ∗(ρ) | ρ ∈ S(H),TrGρ ≤ E } < +∞ (19)
for some E > 0 is called energy-limited in [17], where it is pointed that this condition
holds for many quantum channels used in applications. Due to condition (6) the
function E 7→ YΦ(E) is concave on R+. So, if YΦ(E) is finite for some E > 0 then it
is finite for all E > 0. The quantity YΦ(E)/E can be called the energy amplification
factor of a quantum channel (operation) Φ.
In fact, conditions (18) and (19) are equivalent. This follows from Lemma 3 below.
To not be limited to the case when G is a Hamiltonian of a quantum system we
will use the following
Definition 2. A quantum operation10 Φ : B(H) → B(H) is called G-limited if
equivalent conditions (18) and (19) hold.
The structure of S(H) as a convex set implies the following useful fact.
Proposition 1. If G is a positive unbounded discrete operator (5) then
YΦ(E) = sup
{
TrGΦ∗(|ϕ〉〈ϕ|)
∣∣∣ϕ ∈ H∗, ‖√Gϕ‖2 ≤ E, ‖ϕ‖ = 1}
for any quantum operation Φ : B(H) → B(H), where H∗ is the linear span of all the
eigenvectors τ1, τ2, ... of G, i.e. the supremum in (19) can be taken only over pure
states corresponding to the vectors in H∗.
Proposition 1 follows from Lemma 2 below, since the functions ρ 7→ TrGρ and
ρ 7→ TrGΦ∗(ρ) are affine and lower semicontinuous.
Lemma 2. Let G be a positive unbounded discrete operator (5) on a Hilbert space
H and f a convex lower semicontinuous function on S(H). Then
sup { f(ρ) | ρ ∈ S(H),TrGρ ≤ E } = sup
{
f(|ϕ〉〈ϕ|)
∣∣∣ϕ ∈ H∗, ‖√Gϕ‖2 ≤ E, ‖ϕ‖ = 1} ,
10i.e. sub-unital CP normal linear map
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where H∗ is the linear span of all the eigenvectors τ1, τ2, ... of G.
Proof. Denote byHn and Pn the subspace spanned by the eigenvectors τ1, τ2, ..., τn−1
and the projector on this subspace correspondingly.
Assume that A = sup { f(ρ) | ρ ∈ S(H),TrGρ ≤ E } is finite. For given arbitrary
ε > 0 let ρε be a state in S(H) such that TrGρε ≤ E and f(ρε) > A− ε. For each n
let ρn = [TrPnρε]
−1PnρεPn. It is easy to see that TrGρn ≤ E provided that En ≥ E
and that the sequence {ρn} tends to ρε. By the lower semicontinuity of f we have
lim inf
n→+∞
f(ρn) ≥ f(ρε) > A− ε.
It follows that there is m such that f(ρm) > A − 2ε. Since ε is arbitrary, this shows
that
A = sup
n
sup { f(ρ) | ρ ∈ S(Hn),TrGρ ≤ E } . (20)
By using Lemma 2 in [10] and the convexity of f we obtain
sup { f(ρ) | ρ ∈ S(Hn),TrGρ ≤ E } = sup
{
f(|ϕ〉〈ϕ|)
∣∣∣ϕ ∈ Hn, ‖√Gϕ‖2 ≤ E, ‖ϕ‖ = 1} .
This and (20) imply the assertion of the lemma, since H∗ =
⋃
nHn.
The case A = +∞ is considered similarly. 
Lemma 3. Any finite concave nonnegative function on a closed convex subset of a
Banach space is bounded on this subset.
Proof. Let f be a finite concave nonnegative function on a closed convex subset X
of a Banach space. Assume that for each n ∈ N there is xn ∈ X such that f(xn) > 2n.
Let x∗ =
∑+∞
n=1 2
−nxn and xm∗ = (1 − pm)−1
∑m
n=1 2
−nxn, where pm =
∑
n>m 2
−n,
m ∈ N. By the concavity and nonnegativity of the function f we have
f(x∗) ≥ (1− pm)f(xm∗ ) ≥
m∑
n=1
2−nf(xn) > m
for any m. This implies that f(x∗) = +∞. 
3 The main results
Part A of the following theorem gives a sufficient condition for existence of a continuous
linear extension of a quantum channel (operation) to the Banach space BG(H) of√
G-bounded operators (described in Section 2.2). Part B implies that for a large class
of quantum channels (operations) this condition is also necessary for existence of such
extension.
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Theorem 1. Let Φ : B(H)→ B(H) be a CP normal linear map s.t. Φ(IH) ≤ IH
and G a positive semidefinite densely defined operator on H satisfying condition (6).
A) If the map Φ is G-limited (Def.2) then it is continuous on B(H) w.r.t. the norm
‖ · ‖GE for any E > 0. Moreover, any Stinespring representation (3) of Φ defines a
unique bounded linear operator (also denoted by Φ) on the Banach space BG(H) of√
G-bounded operators such that
‖Φ(A)‖GE ≤
√
‖Φ(IH)‖‖A‖GYΦ(E) ≤
√
max {1, YΦ(E)/E} ‖Φ(IH)‖‖A‖GE, (21)
for any A ∈ BG(H) and E > 0, where YΦ(E) is the function defined in (19). The
operator Φ is bounded w.r.t. the seminorm b√G(·):
b√G(Φ(A)) ≤
√
kΦ‖Φ(IH)‖ b√G(A) for any A ∈ BG(H), (22)
where kΦ = limE→+∞ YΦ(E)/E, in particular, Φ maps the subspace B0G(H) of√
G-infinitesimal operators into itself.11
B) If G is a discrete operator (Def.1) and one of following conditions holds
a) the map Φ has finite Choi rank;
b) Φ(IH) = Φ(P ) for some finite rank projector P ,
then continuity of Φ on B(H) w.r.t. the norm ‖ · ‖GE for some E > 0 implies that the
map Φ is G-limited.
Remark 2. Since the continuity of the map Φ on B(H) w.r.t. the norm ‖ · ‖GE
is necessary for existence of the bounded linear extension of Φ to BG(H) mentioned
in part A of Theorem 1, this theorem shows that the existence of such extension is
equivalent to the G-limited property for CP linear maps satisfying one of the conditions
in part B (provided that G is a discrete operator).
Remark 3. Condition a) in part B of Theorem 1 means that the map Φ has the
Kraus representation Φ(A) =
∑
k V
∗
k AVk with a finite number of summands.
Condition b) means that the image of T(H) under the predual map Φ∗ is contained
in T(HP ), where HP is the finite-dimensional range of P .
Conditions a) and b) are complementary to each other: if Φ satisfies condition a)
then the complementary map Φ̂ satisfies condition b) and vice versa.12
Proof of Theorem 1. A) To prove continuity of Φ on B(H) w.r.t. the norm ‖·‖GE it
suffices to assume the 2-positivity of Φ. Indeed, Kadison’s inequality (4) implies that
Tr[Φ(A)]∗Φ(A)ρ ≤ ‖Φ(IH)‖TrΦ(A∗A)ρ = ‖Φ(IH)‖TrA∗AΦ∗(ρ) ≤ ‖Φ(IH)‖
[‖A‖GYΦ(E)]2
11The concavity of the function E 7→ YΦ(E) implies that the nonnegative function E 7→ YΦ(E)/E
is non-increasing and hence has a finite limit as E → +∞.
12If Φ has the Stinespring representation (3) then the complementary map Φ̂ is defined as Φ̂(A) =
V ∗
Φ
(IH ⊗ A)VΦ, A ∈ B(K) [5, Ch.6]. Assuming that K is a subspace of H we may consider Φ̂ as a
map from B(H) into itself.
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for any A ∈ B(H) and any ρ ∈ S(H) such that TrGρ ≤ E (since the condition
Φ(IH) ≤ IH guarantees that TrΦ∗(ρ) ≤ 1). Hence, by using inequality (15) we obtain
‖Φ(A)‖GE ≤
√
‖Φ(IH)‖‖A‖GYΦ(E) ≤ max
{
1,
√
YΦ(E)/E
}√
‖Φ(IH)‖‖A‖GE.
Let A be an arbitrary operator in BG(H). If the map Φ has representation (3)
then the predual map has the form Φ∗(ρ) = TrKVΦρV ∗Φ . So, the finiteness of YΦ(E)
shows that VΦ|ϕ〉 ∈ D(
√
G ⊗ IK) for any ϕ ∈ D(
√
G). By Lemma 1 the operator
A⊗ IK has a unique extension to the set D(
√
G⊗ IK) satisfying (17). So, the operator
V ∗Φ [A ⊗ IK]VΦ is well defined on D(
√
G). It does not depend on representation (3).
Indeed, for any other Stinespring operator V ′Φ : H → H⊗K′ there is a partial isometry
W : K → K′ such that V ′Φ = (IH ⊗W )VΦ and VΦ = (IH ⊗W ∗)V ′Φ [5, Ch.6]. So, by
Remark 1 we have V ∗Φ [A⊗ IK]VΦ|ϕ〉 = [V ′Φ]∗[A⊗ IK]V ′Φ|ϕ〉 for any ϕ ∈ D(
√
G).
Let {ϕk} be a set of vectors in H such that
∑
k ‖ϕk‖2 ≤ 1 and
∑
k ‖
√
Gϕk‖2 ≤ E.
Since V ∗ΦVΦ = Φ(IH), we have ‖VΦ‖2 = ‖Φ(IH)‖ ≤ 1 and hence
∑
k ‖VΦϕk‖2 ≤ 1.
Let ρ =
∑
k |ϕk〉〈ϕk| be an operator in the unit ball of T+(H). Then TrGρ =∑
k ‖
√
Gϕk‖2 ≤ E and hence
∑
k ‖
√
G ⊗ IKVΦϕk‖2 = TrGΦ∗(ρ) ≤ YΦ(E). So, ex-
pression (11) implies that∑
k
‖V ∗Φ [A⊗ IK]VΦϕk‖2 ≤ ‖Φ(IH)‖
∑
k
‖[A⊗ IK]VΦϕk‖2 ≤ ‖Φ(IH)‖
[
‖A⊗ IK‖G⊗IKYΦ(E)
]2
.
By Lemma 1 the r.h.s. of this inequality coincides with ‖Φ(IH)‖
[
‖A‖GYΦ(E)
]2
. Thus,
inequality (21) follows from expression (11) for ‖V ∗Φ [A⊗ IK]VΦ‖GE and inequality (15).
Inequality (22) is proved by using formula (16) and the first inequality in (21).
B) Assume that
‖Φ(A)‖GE ≤ kE‖A‖GE, ∀A ∈ B(H), (23)
for some E > 0 and kE ∈ (0,+∞). It follows from (15) that the boundedness relation
(23) with finite kE holds for all E > 0.
Assume that the operator G has representation (5). Denote by Hn and Pn the
subspace spanned by the eigenvectors τ1, τ2, ..., τn−1 and the projector on this subspace
correspondingly. Let (3) be the minimal Stinespring representation for Φ. It means
that
lin {(A⊗ IK)VΦ|ϕ〉 |A ∈ B(H), ϕ ∈ H} is dense in H⊗K, (24)
where lin denotes the linear span of a subset of H⊗K.
Assume that Φ has finite Choi rank, i.e. dimK < +∞. Let A be any operator
in the unit ball B1(H) of B(H). Since A
√
GPn ∈ B(H) for all n and ‖A
√
GPn‖GE ≤
‖A‖‖√GPn‖GE ≤
√
E, it follows from (23) that
‖V ∗Φ(A⊗ IK)(
√
GPn ⊗ IK)VΦϕ‖ = ‖V ∗Φ(A
√
GPn ⊗ IK)VΦϕ‖ ≤ kE
√
E (25)
for any unit vector ϕ ∈ D(√G) such that ‖√Gϕ‖2 ≤ E.
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It follows from (24) that the function FV ∗Φ (ψ) = supA∈B1(H) ‖V ∗Φ(A ⊗ IK)ψ‖ does
not take zero values on the unit sphere in H ⊗ K. Indeed, otherwise there is a unit
vector ψ in H⊗K such that 〈ψ|A⊗ IKVΦ|ϕ〉 = 0 for all A ∈ B1(H) and ϕ ∈ H. Thus,
Lemma 4 below and (25) imply that
TrGPnΦ∗(|ϕ〉〈ϕ|) = ‖(
√
GPn ⊗ IK)VΦϕ‖2 ≤ δ−2k2EE
for any unit vector ϕ ∈ D(√G) such that ‖√Gϕ‖2 ≤ E, all n and some δ > 0. Hence,
TrGΦ∗(|ϕ〉〈ϕ|) ≤ δ−2k2EE for any such ϕ. By Proposition 1 the map Φ is G-limited.
Assume that Φ(P ) = Φ(IH), where P is a finite rank projector in B(H). We will
show first that (23) implies that the vector VΦ|ϕ〉 belongs to the set D(
√
G ⊗ IK) for
any ϕ ∈ D(√G).
Suppose, there is a vector ϕ ∈ D(√G) such that VΦ|ϕ〉 does not lie in D(
√
G⊗ IK).
It means that
+∞∑
k=0
Ek
∑
j
|〈τk ⊗ ιj |VΦ|ϕ〉|2 = +∞,
where {ιj} is an orthonormal basic in K.
It is easy to construct a sequence {ck} ⊂ (0, 1) vanishing as k → +∞ such that
+∞∑
k=0
ckEk
∑
j
|〈τk ⊗ ιj |VΦ|ϕ〉|2 = +∞.
It follows that the vector VΦ|ϕ〉 does not belong to the domain of the operator B⊗ IK,
where
B =
+∞∑
k=0
√
ckEk|τk〉〈τk|
is a positive densely defined operator on H. Note that ‖B‖GE = o(
√
E) as E → +∞.
Indeed, since
[‖B‖GE ]2 = sup
{ ∞∑
k=0
ckEkx
2
k
∣∣∣∣∣
∞∑
k=0
Ekx
2
k = E,
∞∑
k=0
x2k = 1
}
,
it is easy to show that the assumption ‖B‖GE ≥ C
√
E for some C > 0 and all
sufficiently large E leads to a contradiction.
Thus, B ∈ B0G(H) and hence the sequence {BPn} ⊂ B(H) tends to the operator
B w.r.t. the norm ‖ · ‖GE [10, Remark 7]. Thus, {BPn} is a Cauchy sequence w.r.t. the
norm ‖ · ‖GE.
Let Pn,m = Pm − Pn for any m > n and E = ‖
√
Gϕ‖2. It follows from (23) that
‖V ∗Φ(ABPn,m ⊗ IK)VΦ‖GE = ‖Φ(ABPn,m)‖GE ≤ kE‖ABPn,m‖GE ≤ kE‖BPn,m‖GE ,
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for any A in B1(H). Thus,
sup
A∈B1(H)
‖V ∗Φ(A⊗ IK)(B ⊗ IK)ψn,m‖ ≤ kE‖BPn,m‖GE , (26)
where |ψn,m〉 = (Pn,m ⊗ IK)VΦ|ϕ〉.
Since Φ(P ) = Φ(IH), where P is a projector such that rankP = d < +∞, the vector
VΦ|ϕ〉 lies in Hd ⊗ K, where Hd = P (H) is a d-dimensional subspace of H. It follows
that VΦ|ϕ〉 =
∑d
i=1 |αi〉 ⊗ |βi〉, where {αi} and {βi} are orthogonal sets of vectors in
Hd and K correspondingly. We may assume that ‖βi‖ = 1 for all i.
For given n andm denote by Hn,m the image of the subspace Hd under the projector
Pn,m. Let Un,m be any unitary operator in B(H) such that Un,m(Hn,m) ⊆ Hd. Then
all the vectors ‖(Un,mB ⊗ IK)ψn,m‖−1|(Un,mB ⊗ IK)ψn,m〉 belong to the set
Aβ1,..,βd .=
{
d∑
i=1
|ηi〉 ⊗ |βi〉
∣∣∣∣∣ {ηi} ⊂ Hd,
d∑
i=1
‖ηi‖2 = 1
}
.
The set Aβ1,..,βd is compact, since it is the image of the unit sphere in the direct sum
of d copies of Hd under the continuous map
(η1, ...ηd) 7→
d∑
i=1
|ηi〉 ⊗ |βi〉.
The function FV ∗Φ (ψ) = supA∈B1(H) ‖V ∗Φ(A⊗IK)ψ‖ is lower semicontinuous onH⊗K
(as the least upper bound of the family of continuous functions ϕ 7→ ‖V ∗Φ(A ⊗ IK)ψ‖,
A ∈ B1(H)). So, this function attains its infimum on the compact set Aβ1,..,βd at some
vector ψ0 ∈ Aβ1,..,βd. It was mentioned before that (24) implies that the function FV ∗Φ
is not equal to zero on the unit sphere in H⊗K. Thus,
inf{FV ∗Φ (ψ) |ψ ∈ Aβ1,..,βd} = FV ∗Φ (ψ0) > 0.
Denoting this infimum by δ, we obtain
FV ∗Φ ((B ⊗ IK)ψn,m) = FV ∗Φ ((Un,mB ⊗ IK)ψn,m)
≥ δ‖(Un,mB ⊗ IK)ψn,m‖ = δ‖(B ⊗ IK)ψn,m‖ ∀n,m,
(27)
where the first equality follows from the definition of the function FV ∗Φ .
Since {BPn} is a Cauchy sequence in B(H) w.r.t. the norm ‖ · ‖GE, the r.h.s. of (26)
tends to zero as n,m → +∞. Thus, (26) and (27) imply that {|(B ⊗ IK)ψn〉}, where
|ψn〉 = (Pn ⊗ IK)VΦ|ϕ〉, is a Cauchy sequence of vectors in H⊗K. So, it has a limit in
H⊗K. Since the sequence {|ψn〉} tends to the vector VΦ|ϕ〉 and the operator B ⊗ IK
is closed, the vector VΦ|ϕ〉 belongs to the domain of B ⊗ IK contradicting the above
assumption. Thus,
VΦ|ϕ〉 ∈ D(
√
G⊗ IK) for any ϕ ∈ D(
√
G). (28)
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The density of D(√G) in H shows that the minimal subspace Hd containing the
supports of all the states TrKVΦρV ∗Φ , ρ ∈ S(H), is spanned by the eigenvectors of
all the states TrKVΦ|ϕ〉〈ϕ|V ∗Φ , ϕ ∈ D(
√
G), corresponding to nonzero eigenvalues. By
using this it is easy to show that (28) implies that Hd ⊂ D(
√
G). It follows that the
restriction of
√
G to the subspace Hd is a bounded operator, and hence the restriction
of
√
G⊗ IK to the subspace Hd ⊗K is a bounded operator. Thus,
ϕ 7→ TrGΦ∗(|ϕ〉〈ϕ|) = ‖
√
G⊗ IKVΦϕ‖2
is a bounded function on the unit ball of H. It follows that ρ 7→ TrGΦ∗(ρ) is a bounded
function on S(H). 
Lemma 4. Let H and K be separable Hilbert space and dimK < +∞. Let C be
any operator in B(H⊗K). If
FC(ϕ)
.
= sup
A∈B1(H)
‖C(A⊗ IK)ϕ‖ > 0 for all ϕ 6= 0 then inf
ϕ∈[H⊗K]1
FC(ϕ) > 0
where B1(H) is the unit ball in B(H) and [H⊗K]1 is the unit sphere in H⊗K, and
this infimum is attainable.
Remark 4. The assertion of Lemma 4 is not valid if dimK = +∞ [11].
Proof. Note first that the function FC(ϕ) is lower semicontinuous on H⊗K (as the
least upper bound of the family of continuous functions ϕ 7→ ‖C(A⊗IK)ϕ‖, A ∈ B(H).
Let {τk} be an orthonormal basis in H, n = dimK and A be the set of unit vectors
H⊗K having the representation
|ϕ〉 =
n∑
k=1
|τk〉 ⊗ |ψk〉, {ψk} ⊂ K,
n∑
k=1
‖ψk‖2 = 1.
Since A is the image of the unit sphere in the direct sum of n copies of K under the
continuous map
(ψ1, ...ψn) 7→
n∑
k=1
|τk〉 ⊗ |ψk〉,
the set A is compact. So, the lower semicontinuous function FC(ϕ) attains its infimum
on A at some vector ϕ0 ∈ A and hence this infimum is positive by the assumption.
To complete the proof of the lemma it suffices to note that
inf
ϕ∈[H⊗K]1
FC(ϕ) = FC(ϕ0).
This follows from the definition of FC , since any vector in [H⊗K]1 can be represented
as (U ⊗ IK)|ϕ〉, where U is a unitary operator in B(H) and ϕ is a vector in A. 
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4 Generalizations to quantum channels and opera-
tion between different systems
For simplicity in the previous sections we restrict attention to CP linear trasformations
of the algebra B(H). All the results presented therein are directly generalized to CP
normal linear maps from B(H) into B(H′), where H and H′ are separable Hilbert
spaces. Since all such spaces are isomorphic, the only essential feature of this case is
the possibility to chose different operators G and G′ on these spaces. So, we have to
generalize the notion of G-limited quantum operation as follows.
Definition 3. A quantum operation Φ : B(H)→ B(H′) is called GG′-limited if
TrGΦ∗(ρ) < +∞ for any ρ ∈ S(H′) such that TrG′ρ < +∞, (29)
where Φ∗ : T(H′)→ T(H) is the predual operation.
By Lemma 3 condition (29) is equivalent to the following
YΦ(E)
.
= sup {TrGΦ∗(ρ) | ρ ∈ S(H′),TrG′ρ ≤ E } < +∞ (30)
for some E > 0. Since the function E 7→ YΦ(E) is concave, the finiteness of YΦ(E) for
some E > 0 implies its finiteness for all E > 0.
The following proposition generalizes Proposition 1 in Section 2.3. It is proved
similarly by using Lemma 2.
Proposition 2. If G′ is a positive unbounded discrete operator (5) then
YΦ(E)
.
= sup
{
TrGΦ∗(|ϕ〉〈ϕ|)
∣∣∣ϕ ∈ H∗, ‖√G′ϕ‖2 ≤ E, ‖ϕ‖ = 1} ,
for any quantum operation Φ : B(H)→ B(H′), where H′∗ is the linear span of all the
eigenvectors τ1, τ2, ... of G
′, i.e. the supremum in (30) can be taken only over pure
states corresponding to the vectors in H′∗.
Note that any CP normal linear map Φ : B(H) → B(H′) has the Stinespring
representation (3), where VΦ is a linear operator from H′ into H⊗K.
Theorem 2. Let Φ : B(H)→ B(H′) be a normal CP linear map s.t. Φ(IH) ≤ IH′ .
Let G and G′ be positive semidefinite operators densely defined, respectively, on H and
H′ satisfying condition (6).
A) If the map Φ is GG′-limited (Def.3) then it is continuous w.r.t. the norms ‖·‖GE and
‖ · ‖G′E on B(H) and B(H′) for any E > 0. Moreover, any Stinespring representation
(3) of Φ defines a unique bounded linear operator (also denoted by Φ) from BG(H)
into BG′(H′) such that
‖Φ(A)‖G′E ≤
√
‖Φ(IH)‖‖A‖GYΦ(E) ≤
√
max {1, YΦ(E)/E} ‖Φ(IH)‖‖A‖GE (31)
for any A ∈ BG(H) and E > 0, where YΦ(E) is the function defined in (30). The
operator Φ is bounded w.r.t. the seminorms b√G(·) and b√G′(·) on BG(H) and BG′(H′):
b√G′(Φ(A)) ≤
√
kΦ‖Φ(IH)‖ b√G(A) for any A ∈ BG(H),
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where kΦ = limE→+∞ YΦ(E)/E, in particular, Φ maps B0G(H) into B0G′(H′).
B) If G′ is a discrete operator (Def.1) and one of following conditions holds
a) the map Φ has finite Choi rank;
b) Φ(IH) = Φ(P ) for a finite rank projector P ∈ B(H) and G is a discrete operator
then continuity of Φ w.r.t. the norms ‖ · ‖GE and ‖ · ‖G′E on B(H) and B(H′) for some
E > 0 implies that the map Φ is GG′-limited.
Theorem 2 is proved by obvious modifications of the arguments from the proof of
Theorem 1.
Remark 5. Since continuity of a map Φ : B(H)→ B(H′) w.r.t. the norms ‖ · ‖GE
and ‖ · ‖G′E is necessary for existence of the bounded linear extension of Φ to BG(H)
mentioned in part A of Theorem 2, part B of this theorem shows that the existence of
such extension implies the GG′-limited property of a map Φ (provided that one of the
conditions a) and b) holds).
5 Bosonic Gaussian Channels
In this section we apply Theorem 2 to the class of Bosonic Gaussian channels playing
central role in the modern quantum information theory [5, 15].
Let H and H′ be the spaces of irreducible representation of the Canonical Commu-
tation Relations (CCR)
W (z1)W (z2) = exp
(− i
2
z⊤1 ∆z2
)
W (z1 + z2), z1, z2 ∈ Z,
W ′(z1)W
′(z2) = exp
(− i
2
z⊤1 ∆
′z2
)
W ′(z1 + z2), z1, z2 ∈ Z ′,
where (Z,∆) and (Z ′,∆′) are symplectic spaces, {W (z)}z∈Z and {W ′(z)}z∈Z′ are the
families of Weyl operators in B(H) and B(H′) correspondingly [5, Ch.12]. Denote by
s and s′ the numbers of modes of the systems, i.e. 2s = dimZ and 2s′ = dimZ ′.
A Bosonic Gaussian channel ΦK,α,ℓ : B(H) → B(H′) is defined via the action on
the Weyl operators:
ΦK,α,ℓ(W (z)) =W
′(Kz) exp
[
iℓz − 1
2
z⊤αz
]
, z ∈ Z, (32)
where K : Z → Z ′ is a linear operator, ℓ is a 2s-dimensional real row and α is a real
symmetric (2s)× (2s) matrix satisfying the inequality α ≥ ± i
2
[
∆−K⊤∆′K] [3, 5].
Any such channel can be transformed by appropriate displacement unitaries to the
Bosonic Gaussian channel with ℓ = 0 and the same matrix α [5]. So, we will restrict
attention to Gaussian channels ΦK,α,0 typically called centred and denoted by ΦK,α in
what follows.
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Let R = [q1, p1, ..., qs, ps]
⊤ be the 2s-vector of the canonical observables – linear
unbounded operators on the space H with common dense domain satisfying the com-
mutation relations
[qi, pj ] = iδijIH, [qi, qj] = [pi, pj] = 0 ∀i, j.
Physically, the operators q1, ..., qs and p1, ..., ps can be treated, respectively, as gener-
alized position and momentum observables of the s-mode quantum oscillator.
Let R′ = [q′1, p
′
1, ..., q
′
s′, p
′
s′]
⊤ be the 2s′-vector of the canonical observables of the
Bosonic system described by the space H′.
Any Gaussian channel ΦK,α : B(H) → B(H′) can be correctly extended to the
algebra of all polynomials in the canonical observables q1, ..., qs and p1, ..., ps . More-
over, it transforms any such polynomial into a polynomial in the canonical observables
q′1, ..., q
′
s′ and p
′
1, ..., p
′
s′ of the same order. This property can be proved by differenti-
ating the relation (32) at the point z = 0 with the help of Baker-Campbell-Hausdorff
formula [5]. In particular, by using this way one can show that
ΦK,α(R
⊤R) = ΦK,α
(
s∑
i=1
q2i + p
2
i
)
= [R′]⊤K⊤KR′ + IH′Spα, (33)
where Sp denotes the spur (trace) of a (2s)× (2s) matrix.
In many cases the Hamiltonian (energy observable) of a Bosonic system has the
form R⊤εR, where ε is a real positive nondegenerate matrix [5, 15]. So, we will assume
that
G = R⊤εR− cεIH and G′ = [R′]⊤ε′R′ − cε′IH′, (34)
where ε and ε′ are real positive nondegenerate (2s)× (2s) and (2s′)× (2s′) matrices,
cε and cε′ are the infima of the spectrum of the positive operators R
⊤εR and [R′]⊤ε′R′
correspondingly. In the following lemma we use the notion of a GG′-limited channel
(Def.3) and the function YΦ(E) defined in (30).
Lemma 5. Let G and G′ be the operators defined in (34). Then any Gaussian
channel ΦK,α : B(H)→ B(H′) is GG′-limited and
YΦK,α(E) ≤ aE + acε′ − cε + b, (35)
where a = ‖ε‖‖K‖2/m(ε′), m(ε′) is the minimal eigenvalue of ε′, and b = ‖ε‖Spα.13
Proof. By using relation (33) we obtain
ΦK,α(R
⊤εR) ≤ ‖ε‖ΦK,α(R⊤R) ≤ ‖ε‖‖K‖2[R′]⊤R′ + ‖ε‖IH′Spα
≤ ‖ε‖‖K‖2m(ε′)−1[R′]⊤ε′R′ + ‖ε‖IH′Spα.
Hence
TrG[ΦK,α]∗(ρ) = TrΦK,α(G)ρ ≤ aTrG′ρ+ acε′ − cε + b
13Here ‖A‖ denotes the operator norm of a matrix A.
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for any state ρ ∈ S(H′). This inequality implies (35). 
Speaking about extension of Gaussian channels to unbounded operators we may
(w.l.o.g.) chose on the role of G and G′ the number operators
N = 1
2
(R⊤R− sIH) and N ′ = 12([R′]⊤R′ − s′IH′). (36)
Indeed, since m(ε)R⊤R ≤ R⊤εR ≤ ‖ε‖R⊤R, where m(ε) is the minimal eigenvalue
of ε, it is easy to see that BG(H) = BN (H) for any operator G defined in (34) and
that the norms ‖ · ‖GE and ‖ · ‖NE are equivalent. The same arguments show that
BG′(H′) = BN ′(H′) for any operator G′ defined in (34) and that the norms ‖ · ‖G′E and
‖ · ‖N ′E are equivalent.
It is easy to see that the Banach space BN (H) (corresp. BN ′(H′)) contains all the
canonical observables q1, ..., qs and p1, ..., ps (corresp., q
′
1, ..., q
′
s′ and p
′
1, ..., p
′
s′ ) and
their linear combinations.14
If G = N and G′ = N ′ then it follows from (35) that
YΦK,α(E) ≤ FK,α(E) .= aE + (as′ − s+ b)/2,
where a = ‖K‖2, b = Spα, s = dimZ/2 and s′ = dimZ ′/2. Hence Theorem 2A
implies the following
Proposition 3. Let N and N ′ be the number operators (36) and ΦK,α a centered
Gaussian channel from B(H) to B(H′). Then
• the channel ΦK,α is continuous w.r.t. the norms ‖ · ‖NE and ‖ · ‖N ′E on B(H) and
B(H′) for any E > 0;
• any Stinespring representation of ΦK,α defines a unique bounded linear operator
from BN (H) to BN ′(H′) such that 15
‖ΦK,α(A)‖N ′E ≤ ‖A‖NFK,α(E) ≤ max
{
1,
√
FK,α(E)/E
}
‖A‖NE , ∀E > 0, (37)
for any A ∈ BN (H), where FK,α(E) is the above defined function.
• b√N ′(ΦK,α(A)) ≤ ‖K‖ b√N(A) for any A ∈ BN (H), in particular, ΦK,α maps the
subspace B0N (H) of
√
N -infinitesimal operators into the similar subspace B0N ′(H).
Remark 6. It is well known that any Gaussian channel ΦK,α is well defined on the
linear span of the canonical observables q1, ..., qs and p1, ..., ps contained in BN (H)
and maps it into the linear span of the canonical observables q′1, ..., q
′
s′ and p
′
1, ..., p
′
s′
contained in BN ′(H′). Proposition 3 states that the channel ΦK,α is correctly extended
14The operators E -norms of the observables q and p in the case s = 1 are estimated in [10, Sect.5].
15BN (H) and BN ′(H′) are the Banach spaces of
√
N -bounded operators on H and √N ′-bounded
operators on H′ equipped with the norms ‖ · ‖EN and ‖ · ‖EN ′ correspondingly (see Section 2.2).
17
to the space BN (H) of all
√
N -bounded operators on H and that this extension maps
BN(H) into BN ′(H′) continuously w.r.t. the norms ‖ · ‖EN and ‖ · ‖EN ′.
Example: one-mode attenuation/amplification Gaussian channel. Assume
that H′ = H, Z = Z ′, s = s′ = 1. Consider the channel ΦK,α : B(H)→ B(H), where
K =
[
k 0
0 k
]
and α =
[
λ 0
0 λ
]
, λ = Nc + |k2 − 1|/2.
This is a one-mode attenuation/amplification channel, Nc ≥ 0 is the power of envi-
ronment noise and k > 0 is the coefficient of attenuation/amplification [5].
In this case one can obtain explicit expression for the function YΦK,α(E). Indeed,
formula (33) implies that ΦK,α(N) = k
2N + ((k2 − 1)/2 + λ)IH. Hence
YΦK,α(E) = Fk,Nc(E)
.
= k2E + (k2 − 1)/2 + λ =
{
k2E +Nc, k ≤ 1
k2E +Nc + (k
2 − 1), k > 1
So, it follows from (21) that16
‖ΦK,α(A)‖NE ≤ ‖A‖NFk,Nc(E) ≤ max
{
1,
√
Fk,Nc(E)/E
}
‖A‖NE , ∀E > 0, (38)
for any A ∈ BN (H). If ΦK,α is a quantum-limited attenuator (k < 1, Nc = 0) then
‖ΦK,α(A)‖NE ≤ ‖A‖k2E ≤ ‖A‖NE for any A ∈ BN (H), i.e. ΦK,α is a contraction w.r.t.
the norm ‖ · ‖NE for any E > 0.
Since limE→+∞ Fk,Nc(E)/E = k
2 for any k > 0 and Nc ≥ 0, we have
b√N (ΦK,α(A)) ≤ kb√N(A) for all A ∈ BN(H).
I am grateful to A.S.Holevo and to the participants of his seminar ”Quantum proba-
bility, statistic, information” (the Steklov Mathematical Institute) for useful discussion.
I am also grateful to G.G.Amosov, A.V.Bulinsky and V.Zh.Sakbaev for discussion and
valuable remarks. Special thanks to T.V.Shulman for the example showing that the
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